The articles [9] , [1] , [3] , [4] , [6] , [5] , [2] , [7] , and [8] provide the notation and terminology for this paper.
We use the following convention: q, r, c, c 1 , c 2 , c 3 are quaternion numbers and x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 are elements of R.
0 H is an element of H . 1 H is an element of H . Next we state several propositions:
(1) For all real numbers x, y, z, w holds x, y, z, w H = x + y · i + z · j + w · k.
(2) (c 1 + c 2 ) + c 3 = c 1 + (c 2 + c 3 ).
(3) c + 0 H = c.
Let us consider q. Then |q| is an element of R. i Is an element of H . We now state a number of propositions:
Let us consider q, r. The functor 
Let us consider c. The functor c −1 yielding a quaternion number is defined by:
Let us consider r. Then r −1 is an element of H and it can be characterized by the condition: 
, and One can prove the following proposition (32) 0 H G = 0 H . Let us observe that H G is Abelian, add-associative, right zeroed, and right complementable.
Let x be an element of H G and let a be a quaternion number. Note that −x and −a can be identified when x = a. Let x, y be elements of H G and let a, b be quaternion numbers. One can verify that x − y and a − b can be identified when x = a and y = b.
Next we state the proposition (33) For all elements x, y, z of H G holds x + y = y + x and (x + y) + z = x + (y + z) and x + 0 H G = x.
The strict double loop structure H R is defined as follows:
(Def. 12) The carrier of H R = H and the addition of H R = + H and the multiplication of H R = · H and 1 H R = 1 H and 0 H R = 0 H . Let us note that H R is non empty. Let us observe that every element of H R is quaternion. Let a, b be quaternion numbers and let x, y be elements of H R . One can check the following observations: x + y can be identified with a + b and x · y can be identified with a · b when x = a and y = b.
One can check that H R is well unital. Next we state three propositions:
Let us mention that H R is add-associative, right zeroed, right complementable, Abelian, associative, left unital, right unital, distributive, almost right invertible, and non degenerated.
Let x be an element of H R and let a be a quaternion number. Observe that −x and −a can be identified when x = a.
Let x, y be elements of H R and let a, b be quaternion numbers. Observe that x − y and a − b can be identified when x = a and y = b.
Let z be an element of H R . Then z is an element of H R . In the sequel z denotes an element of H R . The following propositions are true: (37) −z = (−1 H R ) · z. Let x, y be quaternion numbers. The functor (x|y) yielding an element of H is defined as follows: (Def. 13) (x|y) = x · y .
